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Stable He− can exist in a strong magnetic field
A.V. Turbiner∗ and J. C. Lopez Vieyra†
Instituto de Ciencias Nucleares, Universidad Nacional Auto´noma de Me´xico,
Apartado Postal 70-543, 04510 Me´xico, D.F., Mexico
The existence of bound states of the system (α, e, e, e) in a magnetic field B is studied using the
variational method. It is shown that for B & 0.13 a.u. this system gets bound with total energy
below the one of the (α, e, e) system. It manifests the existence of the stable He− atomic ion. Its
ground state is a spin-doublet 2(−1)+ at 0.74 a.u. & B & 0.13 a.u. and it becomes a spin-quartet
4(−3)+ for larger magnetic fields. For 0.8 a.u. & B & 0.7 a.u. the He− ion has two (stable) bound
states 2(−1)+ and 4(−3)+.
Astrophysical objects like magnetic white dwarfs may
have surface magnetic fields of 108− 1010Gauss (∼ 0.1−
10 a.u.) whilst neutron stars typically reach 1012 − 1013
Gauss (∼ 103−104 a.u.) or even 1015 Gauss (∼ 106 a.u.)
in the so called magnetars. In the presence of such strong
magnetic fields the chemical properties of atoms and
molecules change dramatically. In particular, it makes
possible the formation of unusual chemical compounds
like the H++3 ion at B & 10
10G [1] (for a review see
[2] about one-electron molecular systems, and [3] about
two-electron atomic-molecular systems, and references
therein). A separate question of interest concerns the
existence of negative atomic ions in a magnetic field. An
immediate observation is that the induced quadrupole
moment - charge interaction of the atomic core with an
electron is repulsive: it can influence binding. Thus, it
was quite a striking theoretical result that the simplest
negative atomic ion H−, which possesses the single bound
state [4], develops an infinite number of bound states in
the presence of a magnetic field [5]. A similar situation
may occur for the case of the negative atomic ion He−
which does not seem to have a stable bound state in the
field-free case [6, 7], but can become bound in a magnetic
field.
The goal of this paper is to explore the possibility of
having stable bound states of the 1-center Coulomb sys-
tem (α, e, e, e) in a magnetic field checking the existence
of the negative ion He−. Our main motivation to study
the negative ion He− in a magnetic field comes from the
recently observed spectra of white dwarfs which indicate
the presence of the atomic Helium on the surface of some
of these astrophysical magnetized objects, see e.g. [8].
Therefore, the existence of He− ions can be of relevance
to interpret the observed absorption features in the spec-
tra. In this paper atomic units (~ = e = me = 1) are
used throughout, and the magnetic field is measured in
units of B0 = 2.35× 109 G.
The non-relativistic Hamiltonian for a three-electron,
one-center system in a magnetic field (directed along the
z-axis and taken in the symmetric gauge) with an in-
finitely massive nucleus is
H = −
3∑
k=1
(
1
2
∇2k +
Z
rk
)
+
3∑
k=1
3∑
j>k
1
rkj
+
B2
8
3∑
k=1
ρk
2 +
B
2
(Lˆz + 2Sˆz) , (1)
where ∇k is the 3-vector momentum of the kth electron,
rk is the distance between the kth electron and the nu-
cleus, ρk is the distance of the kth electron to the z-axis,
and rkj (k, j = 1, 2, 3) are the inter-electron distances.
Lˆz and Sˆz are the z-components of the total angular mo-
mentum and total spin operators, respectively. Both Lˆz
and Sˆz are integrals of motion and can be replaced in
(1) by their eigenvalues M and Sz respectively. Z is the
nuclear charge (for He− Z=2). The total spin Sˆ and
z-parity Πˆz are also conserved quantities. The spectro-
scopic notation ν2S+1MΠz is used to mark the states,
where Πz denotes the z parity eigenvalue (±), and the
quantum number ν labels the degree of excitation. For
states with the same symmetry, for the lowest energy
states at ν = 1 the notation is 2S+1MΠz . We always
consider states with ν = 1 and Sz = −S assuming they
correspond to the lowest total energy states of a given
symmetry in a magnetic field.
The variational method is used to explore the prob-
lem. The recipe for choosing the trial function is based
on arguments of physical relevance: the trial function
should support the symmetries of the system, has to re-
produce the Coulomb singularities of the potential cor-
rectly and the asymptotic behavior at large distances
(see, e.g. [2, 9, 10]). It implies that electron-electron
interaction plays an important role, thus, the correlation
should be introduced into trial functions in exponential
form ∼ exp(α rij), where α is a variational parameter.
Following the above, a trial function for the spin 1/2
lowest energy state is chosen in the form
ψ(~r1, ~r2, ~r3) = A [φ(~r1, ~r2, ~r3)χ ] , (2)
where χ is the spin eigenfunction, A is the three-particle
antisymmetrizer
A = 1− P12 − P13 − P23 + P231 + P312 , (3)
2and φ(~r1, ~r2, ~r3) is the explicitly correlated orbital func-
tion
φ(~r1, ~r2, ~r3) =
(
3∏
k=1
ρ
|Mk|
k e
iMkφk e−αkrk−
B
4
βkρ
2
k
)
×
eα12r12+α13r13+α23r23 , (4)
where Mk is the magnetic quantum number of the k-th
electron, and αk, βk and αkj are non-linear variational
parameters. In total, the trial function (2) contains 9
variational parameters. The function (2) is a properly
anti-symmetrized product of 1s Slater type orbitals, the
lowest Landau orbitals and the exponential correlation
factors ∼ exp (α rkj). We expect the ground state to be
realized by different states depending on the domain of
magnetic fields: guided by an analogy with the case of
the lithium atom in a magnetic field (for a discussion see
[11]), we assume the spin 1/2 states 2(0)+, 2(−1)+ to
correspond to the ground state for small and intermedi-
ate magnetic fields, respectively, while the spin 3/2 state
4(−3)+ is the ground state for the large magnetic fields.
For the states 2(0)+, 2(−1)+ of the total spin S = 1/2
we have two linearly independent spin functions of mixed
symmetry
χ1 =
1√
2
[α(1)β(2)− β(1)α(2)]α(3) (5)
and
χ2 =
1√
6
[2α(1)α(2)β(3)−β(1)α(2)α(3)−α(1)β(2)α(3)] ,
(6)
where α(i), β(i) are spin up, spin down eigenfunctions
of the i-th electron. The spin function χ in (2) is chosen
as
χ = χ1 + cχ2 ,
(for discussions see [17] and [18]), where c is variational
parameter. For entire range of studied magnetic fields,
c is different but close to zero. For the spin S = 3/2
state 4(−3)+ with M1 +M2 +M3 = −3, the spin part
corresponds to the totally symmetric spin function χ =
β(1)β(2)β(3), and the orbital part φ(~r1, ~r2, ~r3) is anti-
symmetrized by applying the operator A (Eq. (3)).
The variational energy has quite complicated profile
in the parameter space: use of standard minimization
strategies did not allow us to find a minimum reason-
ably fast. As a result most of the minimization was per-
formed manually using the procedure SCAN from the
minimization package MINUIT from CERN-LIB. Nine-
dimensional integrals which appear in the functional of
energy are calculated numerically using a ”state-of-the-
art” dynamical partitioning procedure based on division
of the integration domain following the profile of the in-
tegrand, separating domains with large gradients. Each
subdomain was integrated separately in parallel and with
controlled absolute/relative accuracy (for details, see e.g.
[2]). Numerical integration of every subdomain is done
with a relative accuracy of ∼ 10−2 − 10−4 using an adap-
tive routine [12]. Parallelization is implemented using the
MPI library MPICH. Computations are performed on a
Linux cluster with 96 Xeon processors at 2.67GHz each,
and 12Gb RAM.
The existence of a chemical compound is established
when the system possesses at least one stable bound
state. If such a bound state exists, it is characterized
by a positive ionization energy, i.e. the minimal amount
of energy which is necessary to add to the system to sep-
arate it into two or more sub-systems. In particular, the
one-particle ionization energy is defined as the energy
needed to move an electron to infinity. A bound state of
He− is characterized by definite values of the total mag-
netic quantum number and z projection of the total spin
(M,Sz). Then, such a state is stable if its total energy
is smaller than the sum of energies of two sub-systems
(He-atom + e) i.e. if
EHe
−
T (M,Sz) < E
He
T (M
′, S′z) + E
e−
T (Me− , Sze− ) , (7)
where EHeT (M
′, S′z) and E
e−
T (Me− , Sze− ) are the total en-
ergies of the He-atom and the electron, respectively (see
Ref. [13]). The condition (7) must be valid for all pos-
sible decay channels satisfying the conservation of the
quantum numbers
M = M ′ +Me− , Sz = S
′
z + Sze− , (8)
which are valid in the non-relativistic approximation. For
an electron in a magnetic field, the total energy of the
Landau levels is given by
Ee
−
T (Me− , Sze− ) = (Me− + |Me− |+ 2Sze− + 1)
B
2
, (9)
and for non-positive values of the magnetic quantum
number Me− , the Landau levels are infinitely degener-
ate:
Ee
−
T (Me− ≤ 0, Sze− ) = (2Sze− + 1)
B
2
. (10)
Hence, for an electron with z-spin projection antiparallel
to the magnetic field and zero (or negative) magnetic
quantum number: Ee
−
T (Me− ≤ 0, Sze− = −1/2) = 0,
whereas an electron with z-spin projection parallel to the
magnetic field and zero or negative magnetic quantum
number has Ee
−
T (Me− < 0, Sze− = +1/2) = B.
State
2(0)+ . The state 2(0)+ of the system (α, e, e, e)
in a magnetic field of strength B is described by the trial
function (2) with M1 = M2 = M3 = 0 (see (4)). Since
this state 2(0)+ is the ground state for the lithium atom
for weak magnetic fields [11], it is natural to assume that
the system (α, e, e, e) can also develop a stable ground
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FIG. 1: Total energies (in a.u.) for the states 2(0)+, 2(−1)+
and 4(−3)+ of the negative ion He− (open diamonds) in com-
parison to the energies of the lowest He-atom states 110+,
130+, 13(−1)+ (open circles) in a magnetic field B.
state with this symmetry in a magnetic field. However,
our results show that the total energy of this state al-
ways lies well above the He ground state 110+ in the
whole domain of magnetic fields studied (see Table I and
Fig. 1). Thus, this state is metastable being unstable
towards decay He−(2(0)+) → He (110+) + e. The total
energy of this metastable state grows monotonically with
an increase of the magnetic field strength (see Table I and
Figure 1).
State
2(−1)+ . The state 2(−1)+ of the system
(α, e, e, e) in a magnetic field is described by the trial
function (2) with M1 = M2 = 0,M3 = −1 (see (4)).
This state becomes the lowest energy (ground) state of
the lithium atom for intermediate magnetic fields (see e.g.
[11]). The state 2(−1)+ for He− gets bound for all mag-
netic fields studied. Its variational energies are shown at
Table I for 1.6 a.u. > B > 0.1 a.u. These energies are
always below the total energies of the state 2(0)+. Qual-
itatively, the total energy of the state 2(−1)+ displays a
minimum at B ≃ 0.25 a.u. and then grows monotonically
with a magnetic field increase (see Fig. 1). For mag-
netic fields B & 0.13 a.u. this state turns out to be stable
towards decay He−(2(−1)+) → He(110+) + e, since its
total energy lies below the energy of the He ground state
110+ for all magnetic fields (see Fig. 1). However, for
magnetic fields B & 0.8 a.u. the state 2(−1)+ of the sys-
tem (α, e, e, e) becomes metastable: (α, e, e, e) decays to
(α, e, e) + e.
Hence, the state 2(−1)+ realizes the stable bound state
of the system (α, e, e, e) for magnetic fields 0.8 a.u. & B &
0.13 a.u.. Eventually, it becomes the ground state of the
He−-ion for 0.74 a.u. & B & 0.13 a.u. and the first (sta-
ble) excited state for 0.8 a.u. & B & 0.74 a.u. (see below).
State
4(−3)+ . The spin 3/2 state 4(−3)+ of the sys-
tem (α, e, e, e) in a magnetic field is described by the trial
function (2) with M1 = 0,M2 = −1,M3 = −2 (see (4)).
Due to the spin Zeeman contribution, the energy of this
(spin S = 3/2) state decreases rapidly and monotonically
with the magnetic field increase (see Fig. 1 and Table I).
Based on pure energy considerations, one can see that
the system (α, e, e, e) in the state 4(−3)+ gets stable for
B & 0.7 a.u.
At B ≃ 0.7 a.u. the total energy of the state 4(−3)+ of
He− coincides with the total energy of the state 110+ of
the He-atom. Hence, this state becomes the first excited
state of the He− ion, while the ground state is 2(−1)+.
The total energy of the state 4(−3)+ continues to de-
crease with the magnetic field increase. At B ≃ 0.74 a.u.
it intersects with the total energy of the state 2(−1)+ and
becomes the ground state of the He− ion for larger mag-
netic fields. In the domain 0.8 a.u. & B & 0.74 a.u. the
He− ion has two stable states: 4(−3)+ as the ground state
and 2(−1)+ as the first excited state. At B ≃ 0.8 a.u. the
latter state gets metastable decaying to He(13(−1)+)+e.
Thus, for larger magnetic fields B & 0.8 a.u. the He− ion
has a single stable bound state 4(−3)+.
Lithium . In order to have an independent estimate
of the accuracy reached, we have made some test calcula-
tions with the trial function (2) for the 20+, 2(−1)+ and
for tightly bound 4(−3)+ states of the lithium atom in a
magnetic field. Our results are presented in the Table II
where we include previous results [13] to compare with.
Conclusions
We have shown that the system (α, e, e, e) in a mag-
netic field has at least one stable bound state for mag-
netic fields B & 0.13 a.u. This manifests the existence
of the stable He− atomic ion. For values of the mag-
netic field in 0.80 & B & 0.70 a.u. the system displays
two stable bound states with the ground state being re-
alized at first by the state 2(−1)+ for magnetic fields up
to B ≃ 0.74 a.u., followed by the state 4(−3)+ as the
stable ground state for B & 0.74 a.u., while the state
2(−1)+ becomes the excited state. For magnetic fields
B & 0.80 a.u. the negative ion He− has a single stable
bound state. All this shows that the closed shell argu-
ment does not work in a magnetic field.
It is worth noting that the energy of bound-free tran-
sitions grows very slowly with the magnetic field increase
from ∼0.8 eV for ∼ 109G (for the state 2(−1)+) to ∼4.9
eV for ∼ 1011G (for the state 4(−3)+). Hence, it may
be visible in the infra-red/optical part of the spectra of
radiation of a cold magnetic white dwarf.
4He− He− He− He He He
B a.u. E( 2(0)+) E( 2(−1)+) E( 4(−3)+) E(1 10+) E(13 0+) E(1 3(−1)+)
M=0, Sz=−1/2 M=−1Sz=−1/2 M=−3, Sz=−3/2 M=0, Sz=0 M=0, Sz=−1 M=−1, Sz=−1
0.1 -2.871 -2.892 -2.901 740d -2.258 237d -
0.16 -2.861 -2.905 -2.898 290a -2.296 318a -2.325 189b
0.24 -2.848 -2.904 -2.892 404d -2.339 571d -2.402 393b
0.40 -2.816 -2.899 -2.563 -2.872 874d -2.412 731d -2.540 763b
0.50 -2.794 -2.887 -2.650 -2.855 859a -2.454 347a -2.620 021b
0.8 -2.713 -2.836 -2.891 -2.788 425d -2.573 620d -2.835 619b
1.0 -2.652 -2.794 -3.034 -2.730 373d -2.650 658d -2.965 504b
1.6 -2.658 -3.394 -2.508 81 d -2.867 620a -3.308 774b
2.0 -3.606 -2.330 65 d -2.999 708a -3.508 911b
5.0 -4.764 -0.575 5 d -3.768 199a -4.625 491b
10.0 -5.999 3.064 582a -4.627 450a -5.839 475b
20.0 -7.614 11.267 051a -5.772 448a -7.440 556b
50.0 -10.46 38.076 320a -7.815 256a -10.284 10b
100.0 -13.29 84.918 313a -9.843 074a -13.104 78b
TABLE I: Total energies in a.u. (Hartrees) for the states 2(0)+, 2(−1)+ and 4(−3)+ for the system (α, e, e, e) obtained with
trial function (2). For comparison, the total energies of the He-atom states 1 10+, 13 0+ and 1 3(−1)+ are included.
aRef. [14], Becken: 1999
bRef. [15], Becken: 2000
dRef. [16], Hesse: 2004
B a.u. E(1 20+) E(1 2(−1)+) E(1 4(−3)+)
(2) [13] (2) [13] (2) [13]
0.0 -7.455 e -7.477766f -7.406 -7.407126f -5.142319f
1.0 -7.458550f -7.701 -7.716679f -6.567 -6.582361f
5.0 -6.136918f -7.002346f -9.591769f
TABLE II: Total energies in a.u. for Li atom in a magnetic
field for the states 2(−1)+, 2(−1)+ and 4(−3)+ obtained with
(2) and compared with [13].
eRef. [17], Turbiner: 2009
fRef. [13], Al-Hujaj: 2004
Acknowledgments
This work was supported in part by PAPIIT grant
IN115709 and CONACyT grant 166189 (Mexico). The
authors are deeply thankful to D. Turbiner (MIT - JPL
NASA) for designing the computer code prototype and
for the creation of an optimal configuration of a 96-
processor cluster used for the calculations. The authors
are also obliged to E. Palacios for technical support.
∗ Electronic address: turbiner@nucleares.unam.mx
† Electronic address: vieyra@nucleares.unam.mx
[1] A.V. Turbiner, J.C. Lo´pez Vieyra and U. Solis H., Pis’ma
v ZhETF 69, 800-805 (1999);
JETP Letters 69, 844-850 (1999) (English Translation)
[2] A.V. Turbiner and J.C. Lo´pez Vieyra, Phys. Repts. 424,
309-396 (2006)
[3] A.V. Turbiner, J.C. Lo´pez Vieyra and N.L. Guevara,
Phys. Rev. A 81 042503, (2010)
[4] R.N. Hill, Phys. Rev. Lett. 38, 643, (1977)
[5] J.E. Avron, I.W. Herbst and B. Simon, Phys. Rev. Lett.
39, 1068-1070 (1977)
[6] T. Andersen, Physics Reports 394, 157-313 (2004)
[7] D.M. Feldmann and F.W. King, J. Phys. B: At. Mol.
Opt. Phys B 41, 025002 (2008)
[8] S. Jordan, P. Schmelcher, W. Becken and W. Schweizer,
Astron. Astrophys. 336, L33-L36, (1998)
[9] A.V. Turbiner, Usp. Fiz. Nauk. 144, 35 (1984);
Sov. Phys. – Uspekhi 27, 668 (1984) (English Transla-
tion)
[10] A.V. Turbiner, Yad. Fiz. 46, 204 (1987);
Sov. Journ. of Nucl. Phys. 46, 125 (1987) (English
Translation)
[11] M.V. Ivanov and P. Schmelcher, Phys. Rev. A 57, 3793,
(1998)
[12] A.C. Genz and A.A. Malik, J. Comput. Appl. Math. 6
(4), 295-302 (1980);
CUBATURE adaptive multidimensional integra-
tion routine implemented by S.G. Johnson with
a parallel prototype prepared by D. Turbiner,
http://ab-initio.mit.edu/wiki/index.php/Cubature.
[13] O.-A. Al-Hujaj and P. Schmelcher, Phys. Rev. A 70,
033411, (2004)
[14] W. Becken, P. Schmelcher and F.K. Diakonos, J. Phys.
B: At. Mol. Opt. Phys. 32, 1557-1584 (1999)
[15] W. Becken, and P. Schmelcher, J. Phys. B: At. Mol. Opt.
Phys. 33, 545-568 (2000)
[16] M. Hesse and D. Baye, J. Phys. B: At. Mol. Opt. Phys.
37, 3937-3946 (2004)
[17] N.L. Guevara, F.E. Harris and A.V. Turbiner, Int. Jour.
Quant. Chem, Vol 109, 3036-3040 (2009)
[18] L.M. Wang, Z.-C. Yan, H.X. Qiao, and G.W.F. Drake,
Phys. Rev. A 85, 052513, (2012)
